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ABSTRACT
D-brane boundary states for type II superstrings are constructed by enforcing the
conditions that preserve half of the space-time supersymmetry. A light-cone coordinate
frame is used where time is identified as one of the coordinates transverse to the brane’s
(euclidean) world-volume so that the p-brane is treated as a (p + 1)-instanton. The
boundary states have the superspace interpretation of top or bottom states in a light-
cone string superfield. The presence of a non-trivial open-string boundary condensate
give rise to the familiar D-brane source terms that determine the (linearized) Born–
Infeld-like effective actions for p-branes and the (linearized) equations of motion for the
massless fields implied by the usual p-brane ansatze. The ‘energy’ due to closed string
exchange between separate D-branes is calculated (to lowest order in the string coupling)
in situations with pairs of parallel, intersecting as well as orthogonal branes – in which
case the unbroken supersymmetry may be reduced. Configurations of more than two
branes are also considered in situations in which the supersymmetry is reduced to 1/8
or 1/16 of the full amount. The Ward identities resulting from the non-linearly realized
broken space-time supersymmetry in the presence of a D-brane are also discussed.
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1 Introduction
The description of the p-branes of the R ⊗ R sector of type II superstring theories in
terms of D-branes [1, 2, 3] has provided a string-theoretic interpretation of the world-
volume theories of these objects. According to the D-brane description the R⊗ R sector
p-branes are described by configurations of open superstrings with end-points tethered
on a (p + 1)-dimensional hypersurface embedded in ten dimensions. The coordinates
of the open-string end-points are restricted to the plane X i = yi, where the directions
labelled i are transverse to the brane world-volume (i = p + 1, · · · , 9). The dynamics of
the brane is therefore prescribed by the open superstring theory with Neumann boundary
conditions in the directions labelled by α = 0, . . . , p and Dirichlet boundary conditions in
the transverse directions. The usual kind of ‘effective’ world-volume field theory emerges
as an approximation to this ‘underlying’ open superstring theory. The world-volume
actions that describe the various branes [4, 5] are generally non-renormalizable (p + 1)-
dimensional supersymmetric field theories that are generalizations of the Nambu–Goto
action [6] and the covariant superstring action to higher dimensions. The fact that such
D-branes are described by open superstring theory means that they preserve half the
supersymmetry of the fundamental type II string theory. This agrees with the fact that
they are BPS solitons of the type II theories.
The effective low-energy action for superstring theory in the presence of a solitonic
R⊗ R p-brane can, in principle, be written in the form
S = Sbulk + S
p
source, (1)
where the bulk action is a ten-dimensional integral while the source is restricted to the
p + 1-dimensional world-volume. The equations of motion that follow from this action
arise in the underlying string theory from the consistency conditions that ensure conformal
invariance of the world-sheet theory (in the case of the type IIB theory there is no obvious
covariant bulk action but the source-free equations of motion are known [7, 8]). These bulk
terms arise from the usual closed-string sector of the theory but the source terms come
from world-sheets with boundaries on which there can be a condensate of the open-string
fields. These source actions, which are of the Born–Infeld type, reproduce the equations
of motion that follow from the consistency conditions for string theory in the background
that includes an open-string boundary condensate, F = dA, of the electromagnetic field
associated with the abelian vector potential that arises as a massless open-string state.
Such consistency conditions on open-string theory were originally derived in [9, 10, 11]
in the case of the type I theory (which has Neumann boundary conditions in all ten
space-time dimensions).
The open-string world-sheet spanned by a ground-state fluctuation of a D-brane is
a disk with the appropriate boundary conditions – Neumann in p + 1 dimensions and
Dirichlet in the remaining 9 − p. This world-sheet can be represented by a semi-infinite
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cylinder describing the evolution of the vacuum state at τ = −∞ to the boundary (which
we shall take to be at τ = 0). With a closed-string state in the R⊗R or NS⊗NS sector
coupling to the disk the semi-infinite cylinder describes the evolution of a closed string
state |Φ〉 from τ = −∞ to the boundary at τ = 0,
〈Φ〉Disk = 〈Φ|B, η〉, (2)
where |B, η〉 denotes the boundary state and η = ±1 labels whether the state is BPS or
anti-BPS. In the formalism with world-sheet supersymmetry there are separate boundary
states in each sector, |B, η〉N and |B, η〉R, which both satisfy the boundary conditions
(∂X i − ∂¯X i)|B, η〉 = 0, (∂Xα + ∂¯Xα)|B, η〉 = 0, (3)
that impose Neumann conditions on p+1 directions and Dirichlet conditions on the rest.
In order for the boundary state to preserve the superconformal invariance of the bulk
CFT, the super stress-energy tensor has to satisfy continuity conditions at the boundary,
which take the form [1, 13]
(F + iηF˜ )|B, η〉 = 0, (4)
where the generators of world-sheet supersymmetry transformations are defined by F =
ψµ∂Xµ and F˜ = ψ˜µ∂¯Xµ. These conditions preserve half the world-sheet supersymmetry.
The boundary conditions on the world-sheet fermions follow from the consistency of (4)
with (3),
(ψi + iηψ˜i)|B, η〉 = 0, (ψα − iηψ˜α)|B, η〉 = 0. (5)
The fact that these states preserve half the world-sheet supersymmetry is related
to the fact that they also preserve half the space-time supersymmetry which relates the
boundary states in the R⊗ R and NS⊗NS sectors, |B, η〉N and |B, η〉R [12].
It is also possible to formulate the problem in a light-cone gauge [13], in which case
space-time supersymmetry is manifest. This will be the subject of this paper. In the
following discussion the light-cone ‘time’ coordinate will be taken to lie along the axis of
the cylinder which is one of the directions transverse to the brane. In this parameterization
X+ = x++p+τ and the momentum component P+ is constant. Since the boundary state,
|B, η〉, is at a fixed ‘time’ X+ satisfies a Dirichlet boundary condition. Furthermore, X− is
determined in terms of the transverse XI coordinates (I = 1, 2, · · · , 8) and the world-sheet
fermionic SO(8) spinor coordinates Sa and S˜a (a = 1, · · · , 8) and also satisfies a Dirichlet
boundary condition as will be seen in section 2. This means that there are at least two
Dirichlet directions and that one of these is time-like. This kinematics describes a ‘(p+1)-
instanton’ rather than a D-brane (where time is one of the Neumann directions). It is
related to the D-brane by a double Wick rotation. For convenience the words ‘D-brane’
or ‘p-brane’ will often be used in the following when it is really this Wick rotated version
that is under consideration. Since all cases will have at least two Dirichlet directions the
value of p will be restricted to −1 ≤ p ≤ 7 in the following.
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The generic light-cone boundary state that preserves half of the 32 space-time su-
persymmetry components of the type II theories will be obtained in section 2. It is a
generalization to p > −1 of the point-like state that describes the D-instanton [14] and
can be related to the p = −1 case by a finite SO(8) rotation. Such a state has an interpre-
tation as the top or bottom state of a light-cone superfield (the two cases corresponding
to BPS and anti-BPS states). The general description of a boundary state must take
into account the possibility of a non-trivial boundary condensate of the open-string fields,
in particular the massless abelian gauge potential. This light-cone boundary state has a
form that automatically combines the NS⊗ NS and R⊗ R sectors.
A single boundary is interpreted as a linearized source of the closed-string fields
that contributes to Ssource in the effective action. In section 3 it will be seen that the
light-cone description of the source agrees, at linearized order, with the source terms that
define the black p-brane solutions of the R ⊗ R sector [15, 18]. In the presence of a
boundary condensate the effective source actions are expected to be of the Born–Infeld
form [19, 20, 21, 22]. Expanding these to linear order in the bulk fields also reproduces
the light-cone frame boundary sources.
Configurations of two or more branes are considered in section 4. The force between
two D-branes is determined to lowest order by the world-sheet that is a cylinder with
one boundary lying in the world-volume of each brane (this generalizes the diagram for
the D-instanton of [13, 14, 23]). The force vanishes between parallel identical branes –
this is due to a cancellation between the closed-string exchanges in the NS⊗NS and R⊗
R sectors which is characteristic of a BPS system that preserves 1/2 the total space-time
supersymetry. More generally two (non-identical) branes may be parallel and separated,
they may intersect (when they share at least one world-volume direction but are not
parallel) or they may be orthogonal (when all the euclidean world-volume directions are
orthogonal). All possibilities are considered that are consistent with the choice of light-
cone frame (the two world-volumes can occupy up to eight dimensions transverse to the
x± directions). The number of unbroken space-time supersymmetries may be 1/2 or
1/4 of the total as is easily deduced by considering a SO(8) rotation that reduces any
configuration to a standard one. Configurations of two branes that preserve 1/4 of the
total supersymmetry again exert no force on each other but in this case the force cancels
separately within the NS⊗NS and R⊗R sectors. Various configurations of type IIA and
type IIB theories with three and four branes are also considered in section 4, in which case
the minimum unbroken supersymmetry may be 32/2n, where n is the number of branes.
One example is the intersection of three three-branes with world-volumes that each share
two common axes – when compactified on T 6 this describes a black hole with a = 0. The
results of this section are light-cone versions of the description of intersecting branes given
in [2].
The spontaneously broken space-time supersymmetries are considered in section 5.
These non-linearly realized symmetries relate S-matrix elements with different numbers
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of soft fermions.
2 Space-time Supersymmetry
In the light-cone parameterization of the type IIB theory in which X+ = x+ + p+τ the
coordinate X− is determined by the relation,
p+∂σX
− = ∂τX
I∂σX
I − iSa∂τ−σSa + iS˜a∂τ+σS˜a (6)
(whereas the right-moving spinor in the type IIA theory is a dotted SO(8) spinor). We
can anticipate that the boundary conditions on the fermionic coordinates will reflect a S
into iMS˜ where M is an orthogonal matrix so that the fermionic terms will cancel in the
expression for ∂σX
−|B, η〉. It follows that X− satisfies the Dirichlet condition,
∂σX
− = 0, (7)
whether the XI are Dirichlet or Neumann coordinates.
The coordinates transverse to the ± directions in (3) satisfy the boundary conditions
(∂XI −MpIJ ∂¯XJ)|B, η〉(p) = 0, (8)
where MpIJ is an element of SO(8). The Neumann directions will be chosen to be α =
I = 1, · · · , p + 1 while the Dirichlet directions will be chosen to be i = I = p + 2, · · · , 8
(the superscript and subscript p will often be dropped in the following when there is no
ambiguity). In the absence of a boundary condensate of the massless open-string vector
potential MIJ can be written in block diagonal form,
MIJ =
(−Ip+1 0
0 I7−p
)
(9)
(where Iq indicates the (q×q)-dimensional unit matrix). In the more general case in which
there is a boundary condensate of the open-string vector potential (to be considered in
the next section) MIJ is a more general SO(8) matrix and can be written as,
MIJ = exp
{
ΩKLΣ
KL
IJ
}
, (10)
where ΣKLIJ = (δ
K
Iδ
L
J − δLIδKJ) are generators of SO(8) transformations in the vector
representation. The parameters ΩIJ depend on the open-string boundary condensate and
in a particular basis they can be written in block off-diagonal form as,
Ωαβ = diag(D1, D2, · · · , D(p−1)/2), (11)
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with
Dm =
(
0 −dm
dm 0
)
, (12)
while the components Ωij and Ωαi may be taken to vanish for a static p-brane [24, 25]. In
the absence of a condensate dm = π. In other words the Neumann boundary conditions
in p + 1 directions are represented by a rotation of ±π transverse to (p + 1)/2 axes. In
the presence of a condensate of the open-string vector potential the rotations differ from
π.
Each of the sixteen-component supercharges of the type II theories decompose in the
light-cone treatment into two inequivalent SO(8) spinors defined in terms of the world-
sheet fields XI and Sa (a = 1, · · · , 8) by,
Qa =
1√
2p+
∫ π
0
dσSa(σ), Qa˙ =
1
π
√
p+
∫ π
0
dσγIa˙b∂X
ISb(σ), (13)
for the left-moving charges and similar expressions for the right-moving charges, Q˜a and
Q˜a˙ expressed in terms of the right-moving coordinates. The undotted supercharge acts
linearly while the dotted supercharge acts non-linearly on the world-sheet fields (and γIaa˙
are the usual SO(8) gamma matrices). These charges realize the N = 2 supersymmetry
algebra in the light-cone gauge
{Qa, Qb} = 2p+δab, {Qa˙, Qb˙} = δa˙b˙P−, {Qa, Qa˙} = 1√
2
γIaa˙p
I , (14)
with a similar algebra for the rightmoving charges. The closed-string light-cone hamilto-
nian, P−cl , is defined by P
−
cl = P
− + P˜−, where
P− =
1
4p+
(pα)2 +
1
2p+
∞∑
n=1
(
αI−nα
I
n + nS
a
−nS
a
n
)
, (15)
and the modes of X , S and S˜ are defined in the usual manner.
In the type IIB theory both the left-moving and right-moving linearly realized su-
percharges are undotted spinors whereas in the type IIA theory the dotted and undotted
indices are switched between the left-moving and right-moving charges. The case of the
type IIB theory will be described first.
The boundary state is defined to conserve the linear combinations of space-time
supercharges,
Q+aη |B, η〉 ≡ (Qa + iηMabQ˜b)|B, η〉 = 0,
Q+a˙η |B, η〉 ≡ (Qa˙ + iηMa˙b˙Q˜b˙)|B, η〉 = 0, (16)
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which generalize the expressions in [13] which applied to the special case of the D-
instanton( for which Mab = δab, Ma˙b˙ = δa˙b˙). The remaining combinations
Q−aη ≡ (Qa − iηMabQ˜b), Q−a˙η ≡ (Qa˙ − iηMa˙b˙Q˜b˙) (17)
are the broken supersymmetries that are associated with goldstinos as will be described
later.
In order to determineMab andMa˙b˙ we first make the ansatz that the SO(8) fermionic
world-sheet fields, Sa and S a˙, satisfy the boundary conditions,
(San + iηMabS˜
b
−n)|B, η〉 = 0, (S a˙n + iηMa˙b˙S˜ b˙−n)|B, η〉 = 0. (18)
The bispinor matrices Mab and Ma˙b˙ are now determined by consistency with the superal-
gebra. Thus, multiplying the first equation in (18) by (Sa−n + iηMabS˜
b
n) determines that
M is orthogonal,
(MT )abMbc = δac. (19)
Furthermore, multiplying the second equation in (18) by (S a˙−n + iηMa˙b˙S˜
b˙
n) gives the con-
dition (using (8) and the definition of the nonlinearly realized supercharges),
γIa˙aM
IJ −MabMa˙b˙γJb˙b = 0. (20)
These two conditions are solved by SO(8) rotations acting on the spinors,
Mab = exp{12ΩIJγIJab }, Ma˙b˙ = exp{12ΩIJγIJa˙b˙ }, (21)
where ΩIJ is the same antisymmetric matrix (11) that defined the SO(8) rotation in the
vector basis and γIJ = 1
2
(γIγJ − γJγI). In the absence of a boundary condensate these
conditions reduce to
Mab =
(
γ1γ2 . . . γp+1
)
ab
, Ma˙b˙ =
(
γ1γ2 . . . γp+1
)
a˙b˙
. (22)
The three matrices MIJ , Mab and Ma˙b˙ are related to each other by triality.
The boundary state that solves (16) can now be obtained explicitly as,
|B〉 = exp∑n>0 ( 1nMIJαI−nα˜J−n − iMabSa−nS˜b−n
)
|B0〉,
= R(M) exp
∑
n>0
(
1
n
αI−nα˜
I
−n − iSa−nS˜a−n
)
|B0〉, (23)
where the zero-mode factor is
|B0〉 = C
(
MIJ |I〉|J〉+ iMa˙b˙|a˙〉|b˙〉
)
(24)
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(and is annihilated by all the positive modes). The argument η has been dropped since a
state with one value of η (an anti-BPS state, say) can be transformed into a state with the
opposite value (a BPS state) by a 2π rotation about all axes – this leaves MIJ unchanged
but reverses the sign ofMab andMa˙b˙. In verifying that this state satisfies (16) use is made
of the relations Sa0 |I〉 = γIaa˙|a˙〉/
√
2 and Sa0 |a˙〉 = γIaa˙|I〉/
√
2. The normalization constant
C can be determined by constructing a cylindrical world-sheet by joining two boundaries
together with a closed-string propagator. The cylinder is equivalent to an annulus that
can be uniquely determined as a trace over open-string states with end-points fixed on
the respective branes. In the absence of a condensate of the open-string field on the
boundaries C = 1 but, more generally, its value depends on the boundary condensate
[10, 26].
The analogous boundary state for the type IIA theory involves a matrix Mab˙ that is
the product of an odd number of γ matrices.
The operator R(M) in (23) is the representation of SO(8) rotations on the non-zero
modes and is defined by
R(M) = exp
∑
n>0
(
1
n
T
(α)
IJ α
I
−nα
J
n + T
(S)
ab S
a
−nS
b
n
)
, (25)
where
T
(α)
IJ = ΩKLΣ
KL
IJ , T
(S)
ab =
1
2
ΩKLγ
KL
ab . (26)
This satisfies the group property R(M1)R(M2) = R(M1M2). Similarly, apart from the
overall scale C, the zero-mode part of the state (24) is a rotation of ground-state scalars,
which can be written symbolically as
|B0〉(p) = CR0(Mp) (|I〉|I〉+ i|a˙〉|a˙〉) = CR0(Mp)|B0〉(−1). (27)
Thus all the D-brane boundary states are obtained, up to a normalization, by SO(8)
rotations of the boundary state of the D-instanton (the purely Dirichlet case, p = −1),
|B〉(p) = CRˆ(Mp)|B〉(−1), (28)
where Rˆ = R0R. The cases with p > −1 are obtained by rotations through π around (p+
1)/2 axes while non-zero condensates of the open-string vector potential are determined
by continuous rotations. A rotation of 2π around all the axes changes a BPS state into
an anti-BPS state.
Light-cone superfields
The boundary state can also be expressed as a light-cone superfield by introducing
Grassmann coordinates defined by,
θa = 1
2
(Qa − iQ˜a) (29)
7
which is conjugate to
∂
∂θa
=
1
2p+
(Qa + iQ˜a). (30)
The bosonic sector of the closed-string superfield boundary state can then be expressed
as a power series in the θa by writing the zero-mode factor as,
|B0, θ, η〉 =
4∑
N=0
1
(2N)!
(ip+)N−2A2Na1a2...a2N θ
a1θa2 . . . θa2N |0, η〉. (31)
The coefficients in this expansion are complex functions that satisfy the constraint implied
by the ‘reality’ condition, Ap = (A8−p)∗ so that there are 28 real bosonic states.
The supersymmetry conditions (16) restrict the boundary states so that in the case of
the D-instanton (p = −1) the BPS and anti-BPS states satisfy the superspace conditions
∂
∂θa
|B, θ,+〉 = 0, θa|B, θ,−〉 = 0, (32)
which means that the boundary states are the top or bottom components of the superfield,
(31) depending on whether they are BPS or anti-BPS.
With p > −1 the conditions (16) can be satisfied by requiring linear combinations of
θ and ∂/∂θ to annihilate the state. This is conveniently expressed in terms of a modified
Grassmann coordinate,
θˆ =
1
2
(1 +M)abθ
b +
p+
2
(1−M)ab ∂
∂θb
(33)
and its conjugate
∂
∂θˆa
=
1
2p+
(1−M)abθb + 1
2
(1 +M)ab
∂
∂θb
. (34)
The components of the superfield that is a function of θˆ′ are linear combinations of the
components of the field (31). The conditions (16) are satisfied in general by
∂
∂θˆa
|B0, θˆ,+〉 = 0, θˆa|B0, θˆ,−〉 = 0. (35)
This means that the boundary state is the top or bottom component of the light-cone
superfield defined as an expansion in θˆ. This applies for any value of p.
The complete boundary state may be expressed in a string superspace by introducing
a a Grassmann SO(8) world-sheet spinor coordinate, Θˆa (with zero mode θˆa), and defining
a string superfield Φ[XI , Θˆa, p+, x+] = 〈XI ,Θa, p+, x+|Φ〉, where |Φ〉 denotes a general
closed-string state. The string field theory source term takes the form,
〈Φ|B〉 =
∫
dx+dp+D8XID8Θˆaδ7−p(X i)δ8(Θˆ)δ(x+)Φ (36)
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(i = p + 2, · · · , 8) where ∫ D8Θˆδ8(Θˆ) picks out the bottom state in the (infinite-
dimensional) stringy light-cone supermultiplet, which is the BPS state. The source for
the anti-BPS state would not contain the factor δ8(Θˆ). The full light-cone string field
theory action in the presence of the BPS source term has the form,
S = 〈Φ|2p+(P− − p−)|Φ〉+ 〈Φ|B〉+ interaction terms, (37)
where the integration over the super space-time coordinates, XI , Θˆ, p+ and x+ is implied
by the notation [27].
3 Source equations
The zero-mode factor in the boundary state determines the coupling of the D-brane to
the massless fields so the relative strength of the source terms in the effective string
action Ssource in (1) can be seen from (24). Decomposing MIJ into SO(8) representations
8⊗ 8 = 35 + 28 + 1,
MIJ = M(IJ) +M[IJ ] +
1
8
ηIJMKK (38)
where ( ) denotes the symmetric traceless part and [ ] denotes the antisymmetric part.
These terms couple to the transverse graviton, GIJ , and antisymmetric tensor, B
N
IJ , as
well as to the dilaton of the type II theories. The R⊗R component in the boundary state
can be written as the sum of SO(8) representations,
Ma˙b˙ =
1
8
δa˙b˙trM +
1
16
γIJ
a˙b˙
tr(γIJM) +
1
384
γIJKL
a˙b˙
tr(γIJKLM), (39)
which defines the couplings of the boundary state to the transverse components of the
massless R⊗R potentials, χ, BRIJ and A(4)IJKL (which is self-dual in the transverse space).
The information in the boundary state thus determines the relative strengths of the sources
for the fields in the theory that modify the bulk field equations.
Covariant string perturbation theory takes place in the linearized Siegel gauge,
∂νh
ν
µ −
1
2
∂µh
ν
ν + 2∂µφ = 0, (40)
where hµν = Gµν − ηµν is the metric fluctuation. The light-cone gauge is obtained by
setting h+ν = 0. The light-cone gauge graviton is then identified with the traceless part
of the metric fluctuation, hˆIJ = hIJ − ηIJhKK/8 and the dilaton is proportional to the
trace of the metric fluctuation,
φˆ = φ− φ0 = 1
4
hII =
1
4
(hi i + h
α
α). (41)
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In the space-time supersymmetric light-cone gauge the fluctuations of all the fields
are normalized in a manner that is independent of the coupling constant, g = eφ0 However,
in the covariant action the terms in the NS⊗NS sector have a normalization factor of 1/g2.
This means that in making a comparison between the light-cone gauge results and the
expansion of the covariant action in small fluctuations it will be necessary to redefine the
NS⊗NS fields by a factor of g. In other words, denoting the covariant field fluctuations by
a tilde, we shall make the identification hIJ = h˜IJ/g for the metric fluctuation, φ = φ˜/g
for the dilaton and BNIJ = B˜
N
IJ/g for the antisymmetric tensor.
3.1 Black p-brane Ansa¨tze
The values of the boundary sources can be compared directly with the explicit p-brane
solutions [15] of the effective type II supergravity theory. In the absence of a condensate
of the open-string vector potential the couplings of the NS⊗NS fields are determined by
the symmetric matrix, MIJ = diag(−Ip+1, I7−p). In the light-cone frame the graviton hˆIJ
couples to the traceless part of this matrix,
diag(−1
4
(7− p)Ip+1, 1
4
(p+ 1)I7−p), (42)
while the dilaton coupling is proportional to the trace,
1
4
trM II = −
1
2
(p− 3). (43)
Similarly, the R ⊗ R (p + 1)-form couples to couplings are proportional to Mab =
(γ1 · · ·γp+1)ab. If the ‘electric’ charge is carried by an object with a (p + 1)-dimensional
world-volume the ‘magnetic’ charges are carried by objects with a (p′ + 1)-dimensional
world-volume whereMp
′
ab = ∗Mpab, where ∗ denotes the Hodge dual in the eight-dimensional
transverse space, Mp = γ1 · · · γ7−p.
The couplings of the D-brane sources to the dilaton, graviton and R⊗ R potentials
determine the source terms in the effective field theory in linearized approximation around
flat space. These terms can be compared with those associated with theR⊗R sector black
p-brane solutions of [15]. These are solutions of the type II supergravity theories that
preserve one half of the space-time supersymmetries in which the metric and the dilaton
take the following form in the string frame,
ds2 = A−1/2(xi)dxαdxβηαβ + A
1/2(xi)dxidxjηij
eφ = A−(p−3)/4 (44)
Here, the function A depends only on the transverse coordinates xi (i = p+ 2, · · · , 7− p)
and satisfies ∂2A = 0 for xi 6= 0. It is given by,
A(xi) = 1 +
Q
| xi |7−p . (45)
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where Q is a (quantized) charge.
To make the comparison with the light-cone boundary state the solution should first
be Wick rotated so that the world-volume has euclidean signature and the transverse space
has lorentzian signature. The solution (44) can then be expanded in small fluctuations
around flat space as |xi| → ∞ (the space-times of black p-branes are asymptotically
minkowskian), using
Aa = (1 +
Q
| xi |7−p )
a ∼ 1 + a Q| xi |7−p +O(| x
i |−14+2p). (46)
The second term corresponds to small fluctuations around Minkowski space and is gen-
erated by a source of strength proportional to a. After transforming to the light-cone
gauge the metric fluctuations are non-trivial in the transverse space with a trace that is
identified with the dilaton while the traceless part determines the physical graviton. The
coefficients of these terms agree with those obtained from the massless D-brane sources.
The correspondence between D-branes and the black p-brane solutions can also be ana-
lyzed by comparing scattering massless closed string states of D-branes and scattering in
the black p-brane background [16, 17].
3.2 Boundary condensate
The boundary action that describes the coupling of a condensate of the massless open-
string gauge potential has the form∫
ds
(
AαX˙
α − i
2
FαβSγ
αβS
)
. (47)
where s is the parameter on the world-sheet boundary and Fαβ = ∂[αAβ]. In addition, if
BNαβ is constant the Wess–Zumino term in the bulk action is a total derivative and may
be expressed as a surface term so that the total surface term is
Ssurface =
∫
dsFαβ
(
X [α∂sX
β] − iSγαβS
)
, (48)
where F = F −BN . This mixing of the closed-string antisymmetric tensor and the open-
string vector was considered in [28]. The quantity in parentheses in this expression is
the generator of rotations in the α − β direction. This condensate can be expected to
be a consistent string background if the field strength is slowly varying (so that terms
involving the derivative of F may be dropped), which is all that will be considered here.
The presence of this boundary term in the action leads to a modification of the boundary
conditions in the Neumann directions, giving (∂nX
α+Fαβ∂tXβ)|B, η〉 = 0 where n and t
are the normal and tangential directions to the boundary. These conditions are equivalent
to (25) with
Mpαβ = −
[
(1− F)(1 + F)−1
]
αβ
. (49)
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and the normalization constant C in the end-state |B0〉 may be determined to be,
C =
√
det(1 + F). (50)
NS⊗ NS sources and Born-Infeld actions
The boundary source terms lead to modifications of the effective low-energy field
theory as was studied in the purely Neumann type I theory in [9, 11]. There, BRST
invariance in the presence of boundaries was shown to lead to an effective action that
includes a source term, Ssource, that has a dependence on the open-string massless vector
potential that is of the Born–Infeld form.
In the context of a p-brane similar arguments again lead to a Born–Infeld-like source
action [6]. This is defined in a (p + 1)-dimensional space which has euclidean signature
when the kinematics are appropriate to our transverse light-cone gauge. The NS⊗NS part
of this action has the form,
SpNS =
∫
dp+1xe−φ
√
det(G+ F). (51)
This can be compared with the source terms that arise from the massless components in
the boundary state (24) by expanding (51) in small fluctuations of the bulk closed-string
fields around their constant background values. These fluctuations comprise the dilaton
φ˜ = φ − φ0 and the metric and antisymmetric tensor fields that may be combined into
h˜αβ = ηαβ−Gαβ+BNαβ . Recalling that φ˜ = (h˜i i+ h˜αα)/4 the expansion of the determinant
factor in (51) gives
−1
g
φ˜
√
det(1 + F) + 1
2g
√
det(1 + F)h˜αβ(1 + F)−1αβ
=
1
4g
√
det(1 + F)
(
−h˜ii +
(
1−F
1 + F
)
αβ
h˜αβ
)
, (52)
where g = eφ0. Taking into account the fact that the light-cone graviton is defined by
hIJ = h˜IJ/g, this is precisely the same as the source obtained from the massless part of
the boundary state (24).
Boundary condensate and R-R fields
The couplings between the boundary field strength F and the R⊗R sector massless
potentials of the type IIB theory are simplest to express in the frame in which F is block
off-diagonal,
FIJ = diag(F1, · · · ,F(p+1)/2, 0, · · · , 0) (53)
where Fi is given by
Fi =
(
0 −fi
fi 0
)
(54)
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(for p odd). The matrixMab which determines the coupling to the RR states is then given
by the following expression
Mab =
(p+1)/2∏
i=1
1
(1 + f 2i )
1/2
(1 + fiγ
2i−1 2i)γ1 · · · γp+1 (55)
The contributions to the covariant world-volume source action are determined by this
expression. They are of Chern-Simons type,
∫
dp+1xAkR(∧F )n, where AkR is a k-form
potential in the R ⊗ R sector (and k + 2n = p + 1). For example, the matrices Mpab for
the cases p = 1 and p = 3 are given by
M1ab =
1
(1 + f 21 )
1/2
(
γ12ab + f1δab
)
(56)
M3ab =
1
(1 + f 21 )
1/2(1 + f 22 )
1/2
(
γ1234ab + f2γ
12
ab + f1γ
34
ab + f1f2δab
)
. (57)
Correspondingly, covariant effective euclidean source actions for these fields are given by
S1R = i
∫
d2x(BR + χF) (58)
S3R = i
∫
d4x(
1
2
χF ∧ F +BR ∧ F + A4R). (59)
Obvious generalizations of these expressions hold for all other values of p ≤ 7, including
the even values of relevance to the type IIA theory.
Expanding these actions to linearized order in the bulk fields gives sources for the
R⊗R fields that correspond to the terms in (56),(57). These terms also contain couplings
between the bulk fields, such as χ ∧ BN in (58) and BN ∧ BN , BR ∧ BN in (59). The
presence of such couplings can be demonstrated directly by calculating the disk amplitude
with the appropriate insertion of closed-string vertex operators.
3.3 Examples
D-instanton
In the case p = −1 all coordinates satisfy Dirichlet boundary conditions and MIJ =
δIJ , Mab = δab. The massless terms in the boundary state are
|B0〉 = δIJ |I〉 ˜|J〉+ iδa˙b˙|a˙〉 ˜|b˙〉. (60)
Thus, the couplings of the source to the dilaton φ and the R-R scalar, χ, are equal which
agrees with the linearized approximation to the D-instanton ansatz in [29]. The factor of
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i indicates that this should be interpreted as a euclidean solution since the pseudoscalar
field χ is pure imaginary after a Wick rotation to euclidean space.
The full theory includes a sum over diagrams with arbitrary numbers of world-sheet
boundaries. The leading term in the partition function comes from the exponential of the
disk diagram so that
Z = e−
1
g
−iχ0. (61)
Connected diagrams with a larger number of boundaries vanish by supersymmetry. The
exponent in Z is the constant part of the euclidean source action,
S−1source =
∫
d10x(e−φ + iχ)δ10(x− x0). (62)
The fact that the D-instanton has no world-volume dimensions means that there is no
dependence on the metric in the source action and hence no coupling to the graviton – it
couples to the dilaton and χ only. The source term is therefore unchanged in transforming
between the string and the Einstein frames.
The D-string
In the absence of a boundary condensate of the open-string vector potential the
p = 1 boundary state couples to the dilaton, the graviton, and the components of the
R⊗ R -antisymmetric tensor BR12 in the world-sheet directions.
In the presence of a boundary condensate of the open-string vector potential the
D-string also couples to the R⊗R scalar, χ, and the NS⊗NS antisymmetric tensor, BN
[3]. This is seen in the present light-cone formalism by constructing the boundary state
(49) for the case p = 1, in which the rotation matrices have the form (which is analogous
to the covariant description in [12])
M1ab =
1√
1 + f 2
(δab + fγ
12
ab ), (63)
and
M1IJ =
(
M1αβ(f) 0
0 I6
)
, (64)
where the 2× 2 matrix M1αβ(f) is given by
M1αβ = −
1 −F
1 + F =
−1
1 + f 2
(
1− f 2 −2f
2f 1− f 2
)
. (65)
where f = −1
2
ǫαβFαβ.
The SO(8) rotation is through an angle α in the 0− 1 plane given by,
cosα = −1− f
2
1 + f 2
, (66)
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so that the generators of the rotations in (26) are
T
(α)
αβ = αΣ
12
αβ , T
(S)
ab =
α
2
γ12ab . (67)
The zero mode part of the boundary state is given by
|B0〉(1) =
√
1 + f 2MIJ |I〉|J˜〉+ i(fδa˙b˙ + γ12a˙b˙ )|a˙〉|˜˙b〉 (68)
Following the general analysis of section 3.2 the effective world-volume action of the D-
string is given by a Born-Infeld-like euclidean action
S1source =
∫
d2x(e−φ
√
det(G+ F) + iFχ+ iBR12), (69)
which reproduces the boundary sources in linearized approximation, as before.
In order to make contact with the dyonic string solutions of [30] the action may be
expressed in terms of the integer monopole number of the integrated field strength. This
may be accomplished by integrating over the vector potentials in a particular topological
sector in which
∫ F = 2πm [19, 21, 22]. The result is an action of the Nambu–Goto form,
S˜1source(m) =
∫
d2x
((
e−2φ + (m+ χ)2
)2√
detG+ imBN + iBR
)
, (70)
which describes a D-string with tension ((m+ χ)2 + 1/g2)1/2.
Other branes
The case p = 3 is described in the absence of a condensate of the open-string potential
by M3IJ = (−I4, I4) and M3ab = i(γ1γ2γ3γ4)ab, which is self-dual in the eight-dimensional
transverse space. In the presence of a non-zero condensate the world-volume theory for
the three-brane is given by 4-dimensional N = 4 supersymmetric Yang-Mills theory.
The theory is invariant under electric-magnetic duality transformations when these are
accompanied by SL(2, Z) transformations acting on the closed-string bulk fields [22, 31].
The cases with p = 5 and p = 7 are the magnetic duals of the D-string and the
D-instanton, respectively. The rotations that define the boundary states are obtained
from the p = 1 and p = −1 cases simply by multiplying the matrix Mab by γ1 · · · γ8,
which implements Hodge duality in the transverse eight-dimensional transverse space.
In the case of the branes of the type IIA theory the possible values of p are even and
the left-moving and right-moving supercharges are described by SO(8) spinors of opposite
type. Thus, the eight linearly realized supersymmetries that annihilate the boundary state
are (Qa +Maa˙Q˜
a˙), while the non-linearly realized ones are (Qa˙ +Ma˙aQ˜
a). The analysis
is very similar to the Type IIB cases.
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4 Configurations with two or more branes
In the sector with two separated p-branes the leading contribution to the free energy comes
from the independent energies defined by a functional integral over two disk world-sheets
– one with Dirichlet conditions at yi1 and the other at y
i
2. The energy (per unit vol-
ume) between these separated branes is determined to lowest order in the string coupling
constant by quantum fluctuations that describe the exchange of a closed string between
them. This is represented by a world-sheet diagram with the topology of a cylinder with
boundaries that describe the world-lines of the end-points of open strings moving in the
world-volume of each brane. The dependence of this energy on the separation of the
branes, L = |y2 − y1| determines the force between them. If the branes are viewed as
instantons the diagram represents the action per unit euclidean volume.
The general expression for the energy (or action) is given by
Z(F1, F2, L) = C1C2
∫ ∞
0
dt
2p+
(−1)〈B, y2|e−(P
−
cl
−p−)tRˆ(Mp2TMp1)|B, y1〉(−1), (71)
where p− = i∂/∂y+ and the value of η is taken to be the same for both end-states (both
of them are either BPS or anti-BPS). With an appropriate choice of the rotations, Mp1
and Mp2 , and normalizations, C1 and C2 (71) represents the energy between branes of
arbitrary p1 and p2, oriented in any relative direction and with arbitrary condensates, F1
and F2, of the open-string gauge potentials on each brane (which are assumed to vary only
slowly). Furthermore, the force between an anti–BPS state and a BPS state is described
by rotating through 2π around all axes, thereby changing the sign of η in one of the states.
The normalizations C1(F1) and C2(F2) may be determined as before by considering the
process to be a trace over the open-string states that propagate around the annulus with
their end-points fixed in the respective world-volumes of the branes. Writing Z as a
product of zero-mode and non zero-mode factors,
Z(F1, F2, L) ≡ Z0(F1, F2)Zosc(Mp2T (2)Mp1(1)), (72)
it is clear that Z0(F1, F2, L) depends explicitly on F1 and F2 separately while
Zosc(M
p2T (1)Mp1(1)) depends only on the relative rotation.
4.1 Parallel branes
The fact that D-branes are BPS configurations means that two parallel branes of the same
type (the same values of η and of the open-string condensate fields, fα on each brane) do
not exert a force on each other. The force vanishes identically as follows from the fact
that exactly half the space time supersymmetry is broken by this configuration, which
leads to the vanishing of this amplitude and all higher contributions with the topology of
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a sphere with n holes cut out. This was observed in the case in which all the boundaries
are Dirichlet in [13], in which case the ‘energy’ (actually, the action per unit volume) is
Z(0, 0, L) =
∫ ∞
0
dt
2p+
(−1)〈B, y2|e−(P
−
cl
−p−)t|B, y1〉(−1), (73)
which vanishes because of the cancellation between the exchange of massless states in the
NS⊗ NS and the R⊗ R sectors,
〈I˜|〈I|J〉|J˜〉 − 〈˜˙a|〈a˙|b˙〉| ˜˙b〉 = 8− 8 = 0. (74)
For widely separated D-instantons this vanishing is attributed to a cancellation between
the exchanged massless scalar and pseudoscalar states [14]. This generalizes to the case
of parallel D-branes of the same type with arbitrary p and with the same boundary
condensates [1] simply by inserting 1 = R†(Mp)R(Mp) in the matrix element and using
the expression (28). The normalization factor C1C2 is finite so that the energy vanishes in
these cases also. The tension of the brane can be deduced by isolating the NS⊗NS part
of (74).
However, the interaction energy between two branes of opposite type (one being BPS
and the other anti-BPS) does not vanish. Since a BPS state is converted into an anti-BPS
state by a 2π rotation around all axes, |B,−〉 = Rˆ(M(2π))|B,+〉, the cylinder diagram
that describes the interaction of a BPS p-brane and an anti-BPS p-brane is given by,
Z+−(0, 0, L) =
∫ ∞
0
dt〈B, y2,+|e−2p+(P−−p−)tRˆ(M(2π))|B, y1,+〉
=
∫ ∞
0
dt(π2t)(p−9)/2e−(y1−y2)
2/4πt
∏
n>0(1 + q
2n)8∏
n>0(1− q2n)8
. (75)
where q = e−πt (a special case of this with purely Dirichlet boundary conditions, p = −1,
was considered in [13]).
The cylinder diagram is transformed to an annulus by a modular transformation,
in which case the expression for Z is interpreted in terms of a trace over the states of
open strings with end-points fixed in the world-volumes of the two branes. This is the
appropriate coordinate frame for describing the singularities of this process as a function
of the separation, L = |y2 − y1|. After the standard change of variables, t′ = 1/t and
w = e−πt
′
, (75) becomes,
Z+−(L) =
π(p−9)
16
∫
dt′
t′
t′
−(p+1)/2
exp
(
−t′ 1
4π
(y1 − y2)2 + πt′
) ∏
(1− w2n−1)8∏
(1− w2n)8 . (76)
The expression possesses singularities at L2 = 4π2(1 − n). The n = 0 term gives a pole
at space-like separation while the n = 1 term is a singularity at null separation and for
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n > 1 the singularities are at time-like separations. This is the D-brane generalization of
observations concerning the analytic structure of the purely Dirichlet amplitudes relevant
to the D-instanton ([13] and references therein). For the p-brane interpretation (y2−y1) is
necessarily space-like and only the n = 0 term leads to a physical singularity at L2 = 4π2
[32]. This represents the onset of a tachyonic instability in the system. In this situation
it requires more detailed dynamical understanding to determine whether there might be
a bound state.
In the light-cone frame appropriate to the (p+1)-instanton interpretation (y2− y1)2
has indefinite sign and the process has singularities on and inside the light-cone as well
as a single singularity outside the light-cone.
4.2 Parallel D-strings with boundary condensates
When the condensates F1 and F2 are different on two otherwise identical parallel branes
supersymmetry is broken because the combination of supercharges that annihilates one
boundary (16) is different from the combination that annihilates the other. This leads to
an interaction energy between the branes. The large-distance behaviour of this energy is
dominated by the τ → ∞ limit which picks out the massless modes of the closed-string
exchanged between the branes.
For example, in the case of two parallel D-strings (p = 1) the coefficients in (71) are
given by C1 =
√
1 + f 21 and C2 =
√
1 + f 22 . The zero mode factor in Z is given by,
Z0(F1, F2, L) = 〈B0, F1, η|B0, F2, η〉
= C1C2(M
T
IJ(2)MJI(1)−Mab(2)Mba(1))
=
8 + 4(f 21 + f
2
2 ) + 8f
2
1 f
2
2 + 8f1f2√
(1 + f 21 )(1 + f
2
2 )
− 8(f1f2 + 1). (77)
In the case in which f1 = f2 this vanishes as the energy between two identical BPS-
saturated branes should. More generally, the expression (77) has the property that for
small f1 and f2 it behaves as
Z0(f1, f2, L) ∼ f 41 + f 42 + 6f 21f 22 − 4f 31 f2 − 4f 32 f1 +O(f 5). (78)
The lower order terms vanish which corresponds to the fact that the moduli space of
parallel D-strings is flat [24].
The oscillator factor, Zosc, in (72) can be evaluated exactly using (25). Since the
right-moving degrees of freedom do not appear in the rotation operator operator the
expression reduces to a trace over the left-moving oscillator states. The generators (26)
can be diagonalized by a unitary transformation,
αIn → UIJαJn , αI−n → U †IJαJ−n
San → VabSbn , Sa−n → V †abSb−n. (79)
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where U and V are defined so that
U †T (α)U =

 iα 0 00 −iα 0
0 0 06


V †T (S)V =
(−i1
2
αI4 0
0 i1
2
αI4
)
, (80)
where α (defined in (66)) is the angle of the relative rotation MT1 M2. The traces over the
oscillator states are standard and the result is given by
Zosc(α, L) = π
4
∫ ∞
0
dtt−4
∏∞
n=1(1− q2neiα/2)4(1− q2ne−iα/2)4∏∞
n=1(1− q2n)6(1− q2neiα)(1− q2ne−iα)
exp
(
− L
2
4πt
)
, (81)
where q = e−πt and the zero-mode factor follows from (77). This can be written in a
compact form in terms of Jacobi θ functions and the Dedekind η function,
Zosc(α, L) =
π4
16
sin(α/2)
sin4(α/4)
∫
dtt−4
θ41(
α
4π
| it)
η9(it)θ1(
α
2π
| it) exp
(
− L
2
4πt
)
, (82)
This expression exhibits interesting analytical structure as a function of the separation
which is exposed in the short cylinder limit, t→ 0. The Jacobi transformation, t→ t′ =
1/t, transforms the cylinder into an annulus, giving,
Zosc(α, L) =
π4
16
sin(α/2)
sin4(α/4)
∫
dt′
t′
θ41(−it′ α4π | it′)
η9(it′)θ1(−it′ α2π | it′)
exp(−t′L
2
4π
). (83)
The complete expression for Z (72) is given by the product of (77) and (83). The
argument of the θ1 is imaginary so that in the short cylinder limit, t
′ →∞, the behaviour
of the integrand of (83) is given by
lim
t′→∞
e−t
′L2/4πθ41(−it′ α4π | it′)
η9(it′)θ1(−it′ α2π | it′)
∼ lim
t′→∞
e−t
′L2/4π sin4(−iαt′/4)
sin(−iα/2t′)
∼ lim
t′→∞
e−t
′(L2−2π|α|)/4π +O(e−πt
′
). (84)
Hence, the expression diverges for separations L2 = (y2 − y1)2 ≤ 2π | α |. If the
transverse space has Minkowski signature this indicates the presence of a pole in L2 outside
the light-cone as well as an infinite set of poles at values
L2 = 2π(| α | −2πn), n = 0, 1, · · · (85)
Note that (66) implies that the limit of infinite field strength corresponds to α = π.
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After continuing to Minkowski signature the magnetic boundary condensate turns
into an electric boundary condensate and the rotation matrices become boosts. This
change of signature can be accomplished by f → if which implies α→ iα. The argument
of the θ functions are then real and the integrand of (83) exhibits an infinite number of
simple poles on the real t′ axis at t′ = 2π(2k + 1)/α where k is integer. This leads to an
imaginary part in the energy, which is given by the sum over the residues of the poles.
This is very similar to the situation in [33], where the type I superstring was considered,
which has Neumann boundary conditions in all directions. In fact, the rather complicated
sum over spin structures obtained in [33] reduces to a simple expression of the form (83).
4.3 Parallel, intersecting and orthogonal branes.
The most general configuration of two branes is one in which the branes may have different
values of p, they may both be BPS states or one of them may be anti-BPS and they may
or may not be parallel. We will be interested in describing which configurations have
residual supersymmetries. The important issue of determining whether there are BPS
bound states of branes lying within one another will not be addressed in the following.
Furthermore, we will not consider the rich class of configurations in which there is a
non-trivial boundary condensate.
A systematic way of analyzing configurations is to first consider one of the branes to
be a D-instanton (p1 = −1) and the other one to have p2 = −1, 1, 3, 5 or 7 (the type IIA
case is analogous but p1 and p2 take even values). All other cases can then be obtained
by appropriate rotations.
4.3.1 A D-instanton and a p-brane.
The zero-mode contribution to the cylinder diagram with p1 = −1 with general p2 is
Z0(p1 = −1, p2) = (p2)〈B0|B0〉(−1) = (−1)〈B0|Rp2T0 |B0〉(−1)
= TrMp2IJ − TrMp2ab . (86)
The unbroken supersymmetry generators that annihilate the two boundary states are
given by
Q+a(−1) = Q
a + iQ˜a, Q+a(p2) = Q
a + iMp2ab Q˜
b, (87)
(with similar combinations of the dotted supercharges) where the cases of η = ±1 are
included by allowing for the fact that the overall sign of Mp2ab can be changed by a 2π
rotation in all directions. The compatibility of these two supersymmetries depends on the
value of p2. The cases p2 and p
′
2 = 6− p2 have similar behaviour.
Thus, Z0 = 0 when p2 = −1 or p2 = 7 (the rotation matrix γ1 · · · γ8 ≡ 1) due to the
cancellation between the NS ⊗ NS and R ⊗ R sector as described earlier. In this case
both supercharges are identical and there is a total of 16 unbroken supersymmetries.
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For p2 = 3 the two traces in (86) vanish individually so that once again Z0 = 0, but
this time due to the separate vanishing of the NS ⊗ NS and R ⊗ R sectors. The two
matrices Mprab (r) (where r = 1, 2 labels the two branes) are of the form
M−1ab (1) = δab, M
3
ab(2) = γ
1234
ab . (88)
Since (γ1234)2 = 1, M3ab has eigenvalues = +1,−1. The projector of brane 2 on the
eigenvectors with eigenvalue +1 is given by
Pab(2) =
1
2
(1− γ1234)ab. (89)
The dimensionality of this eigenspace is given by the trace of the projector trP (2) =
4. Therefore, there are four common eigenvalues of M
(−1)
ab (1) and M
3
ab(2) and so four
undotted supersymmetries remain unbroken. The same reasoning also applies to the
dotted supersymmetries. Hence the total number of unbroken supersymmetries is eight
– the configuration preserves a quarter of the original supersymmetry. Furthermore, this
configuration is invariant under rotation by 2π that reverses the overall sign ofM3ab, which
interchanges the BPS and anti-BPS conditions.
When p2 = 1 or p2 = 5 the bi-spinor trace vanishes but the bi-vector trace is non-
zero so that Z0 6= 0. In this case M1ab = (γ1γ2)ab has imaginary eigenvalues so that the
conserved supercharges of the two branes have no eigenvalues in common – there are
no unbroken space-time supersymmetries in this case. This means that there is a force
between the branes so that they might form a bound state that can be a BPS state [2, 34].
This behaviour of the zero modes extends to the non-zero mode factor, Zosc. The
non-zero mode contributions from fermionic and bosonic oscillators cancel in the cases
p2 = −1, 3, 7, so that Zosc = 1. In the cases p2 = 1, 5 Zosc is a non-trivial ratio of
contributions from bosonic and fermionic oscillators.
4.3.2 Parallel, intersecting and orthogonal p1 and p2 branes.
The cases with p1 > −1 can be obtained from the above by inserting 1 = R(p1)TR(p1) in
(86), where R(p1) is a rotation that acts on the bi-vector and bi-spinor indices so that,
Mp1IJR
(p1)
JK =M
−1
IK , M
p1
abR
(p1)
bc = M
−1
ac . (90)
This is a T -duality transformation that changes the number of directions in which there
are Neumann and Dirichlet boundary conditions. In this way the general case can be
reduced to a consideration of the ones considered in (a) above with Mp2 replaced by
M ′p2 = R(p1)Mp2 .
The relative orientation of the two branes depends on the choice of R(p1). There are
several distinct classes to consider.
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• (a) Parallel branes. The (p2 + 1) world-volume coordinates are a subset of the
(p1 + 1) world-volume coordinates (where p2 < p1).
• (b) Intersecting branes. A subset of the coordinates of one brane are orthogonal to
a subset of the world-volume coordinates of the other.
• (c) Orthogonal branes. The world-volume coordinates of one brane are all orthogonal
to those of the other. This is not possible for the usual p-branes since they always
share the time direction – but, it is possible for the (p+1)-instantons considered in
this paper, in which the branes have euclidean world-volumes.
As a specific example, consider the case of a D-string (p2 = 1) and a three-brane
(p1 = 3). Choosing the three-brane world-volume to be in the directions I = 1, 2, 3, 4, the
three distinct configurations of the D-string correspond to the choices for the p2 matrices,
Mp2IJ = diag(−1,−1, 1, 1, 1, 1, 1, 1), Mp2ab = γ12ab , (91)
Mp2IJ = diag(−1, 1, 1, 1,−1, 1, 1, 1), Mp2ab = γ15ab , (92)
Mp2IJ = diag(1, 1, 1, 1,−1,−1, 1, 1), Mp2ab = γ56ab , (93)
which describe the parallel, intersecting and orthogonal cases, respectively.
These may now be transformed into the case in which p1 = −1 by inserting the
rotation R(p1) that transforms the three-brane into the D-instanton,
R
(p1)
IJ = diag(−1,−1,−1,−1, 1, 1, 1, 1), R(p1)ab = γ1234ab . (94)
Acting on the parallel D-string (91) the result is another D-string (the matrices Mp2
transform into those of the p = 1 case). Acting on the orthogonal D-string (93) the result
is a p2 = 5 state. Both of these cases therefore break all the space-time supersymmetries.
However, the result of acting with R(p1) on the intersecting D-string (92) is a p2 = 3 state
and so one quarter of the supersymmetries (i.e., 8) are preserved. This is in accord with
the results in [35, 2].
Another illustrative example is the case with p1 = 1 and p2 = 5 where there are three
possible distinct configurations of the string and the fivebrane. In the intersecting case,
in which there is one common world-volume direction, no supersymmetries are conserved.
The parallel configuration in which there are two common world-volume directions pre-
serves one quarter (i.e., 8) of the supersymmetries. The case in which the world-volumes
are orthogonal preserves half (i.e., 16) the space-time supersymmetries, note that the
last configuration has no analogue for the p-branes which share the world-volume time
direction.
The general result coincides with that of Polchinski’s argument [2]. There, it was
shown that the number of directions in which the boundary conditions at either end of
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the string are different must be 0 mod 4 if any space-time supersymmery is preserved.
This coincides with the number of −1 entries in the diagonal matrix Mp1IJMp2JK .
The following table summarizes the number of surviving dotted and undotted su-
persymmetries for all p1 and p2 relevant to the type IIB theory. The integer N denotes
the number of common Neumann directions of the (euclidean) (p1 + 1)-dimensional and
(p2 +1)-dimensional world-volumes. The values marked n/a require a total of more than
eight dimensions transverse to x± and cannot be described in our light-cone frame. The
values marked - do not exist.
Type IIB
p1 -1 1 3 5 7
N 0 2 1 0 4 3 2 1 0 6 5 4 8
p2 = −1 16 - - 0 - - - - 8 - - - -
p2 = 1 0 16 0 8 - - 0 8 0 - - - -
p2 = 3 8 0 8 0 16 0 8 0 16 - - - -
p2 = 5 0 8 0 16 0 8 0 n/a n/a 16 0 8 -
p2 = 7 16 0 n/a n/a 8 n/a n/a - - 0 n/a n/a 16
The type IIA theories can be described similarly and the following table summarizes
the surviving supersymmetries in that case:
Type IIA
p1 0 2 4 6
N 1 0 3 2 1 0 5 4 3 2 7 6
p2 = 0 16 0 - - 0 8 - - - - - -
p2 = 2 0 8 16 0 8 0 - - 0 8 - -
p2 = 4 8 0 0 8 0 16 16 0 8 0 - -
p2 = 6 0 16 8 0 n/a n/a 0 8 n/a n/a 16 0
4.3.3 Configurations with more than two branes.
When there are three or more D-branes a smaller fraction of the supersymmetries can be
preserved by the solutions.
(a) 4 residual supersymmetries
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A simple example is provided by the configuration of three orthogonal D-strings with
world-sheet orientations in the (1, 2); (3, 4); (5, 6) directions. The boundary conditions are
defined by the matrices,
M1IJ(1) = diag(−1,−1, 1, 1, 1, 1, 1, 1), M1ab(1) = γ12ab (95)
M1IJ(2) = diag(1, 1,−1,−1, 1, 1, 1, 1), M1ab(2) = γ34ab (96)
M1IJ(3) = diag(1, 1, 1, 1,−1,−1, 1, 1), M1ab(3) = γ56ab . (97)
The NS ⊗ NS matrices may be transformed by T-duality into those of a D-instanton
and two three-branes with world-volumes that share two directions, M−1IJ (1), M
3
IJ(2) and
M3IJ(3). The NS ⊗ NS matrices may be transformed by T-duality into those of a D-
instanton and two three-branes with world-volumes that share two directions, M−1IJ (1),
M3IJ(2) and M
3
IJ(3). The R⊗ R matrices transform under this T-duality to
M−1ab (1) = δab, M
3
ab(2) = γ
1234
ab , M
3
ab(3) = γ
1256
ab . (98)
The common supersymmeties are the ones which have eigenvalues +1. There are two
projectors onto the eigenspaces with eigenvalue +1 for M3ab(2) and M
3
ab(3), respectively,
Pab(2) =
1
2
(1− γ1234)ab, Pab(3) = 1
2
(1− γ1256)ab. (99)
Since [P (2), P (3)] = 0 the product P (2)P (3) is also a projector given by
(P (2)P (3))ab =
1
4
(1− γ1234 − γ1256 − γ3456)ab. (100)
Since Tr(P (2)P (3)) = 2 there are two unbroken undotted supersymmetries. Together
with the dotted supersymmetries there is a total of four unbroken supersymmetries – this
configuration preserves 1/8 of the original 32 supersymmetries.
If this configuration of three 2-instantons is compactified on T 6 in the (1, 2, 3, 4, 5, 6)
directions the result is an instanton in four dimensions which leads to the non-conservation
of the three axionic scalar R⊗ R charges associated with BR12,BR34,BR56.
Another example is a four-dimensional black hole state that can be
made by combining three self-dual three-brane world-volumes in the orientations
(1, 2, 3, 4); (1, 2, 5, 6); (1, 3, 5, 7), interpreting the 1 direction as the time axis and com-
pactifying the directions 2−7 on T 6. Since the three-brane does not couple to the dilaton
this configuration must correspond to a conventional Reissner–Nordstrom black hole of
the type IIB theory. A fourth three-brane in the (1, 4, 6, 7) direction can also be added.
Any of these branes shares its three spatial axes with one of the other ones – this is a
stable configuration.
Analogous statements also apply for the Type IIA theory in an obvious manner [36].
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2 residual supersymmetries
There are also configurations which only preserve 1/16 of the original supersym-
metry. One example in the type IIB case is a three-brane with world-volume oriented
in the (1, 2, 3, 4) directions and three mutually orthogonal D-string world-sheets in the
(1, 5); (2, 6); (3; 7) directions which each intersect the three-brane in one direction. After
performing a T-duality transformation that converts the three-brane to a D-instanton,
the projectors for the three one-brane supersymmetries which will be compatible with the
unbroken supersymmetries of the three-brane are given by,
P (2) =
1
2
(1− γ2345) (101)
P (3) =
1
2
(1 + γ1346) (102)
P (4) =
1
2
(1− γ1247). (103)
These three projectors commute and their product is also a projector, P , satisfying
trP = tr(P (2)P (3)P (4)) = 1, (104)
so that there is one undotted unbroken supersymmetry, as well as a similar dotted one.
This gives a total of two unbroken supersymmeties. Other similar configurations can
easily be constructed.
5 Linear and non-linear realizations of space-time su-
persymmetry
Since a Dirichlet p-brane breaks translational invariance in the directions transverse to the
brane as well as half the space-time supersymmetries [37] there must be a supermultiplet
of eight bosonic zero modes (which form a world-volume p-component vector) and eight
fermionic zero modes living in its world-volume. In the case of brane-like solitonic solutions
of type IIB supergravity theories these are modes of the bulk fields [38, 39] while in the
D-brane description they are the ground states of the open string.
The unbroken symmetries are realized linearly on the fields whereas the broken sym-
metries are realized nonlinearly. There is the possibility for some confusion here since in
the light-cone frame half the 32 components of the supersymmetry in the type IIB theory
are already realized non-linearly. They divide into two groups of 16. One of these groups,
Qa and Q˜a (associated with the SO(8) spinor parameters ǫa and ǫ˜a), is realized linearly
while the other 16 components, Qa˙ and Q˜a˙ (associated with the SO(8) spinor parameters
ηa˙ and η˜a˙), is realized non-linearly.
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Now we wish to divide these 32 components into groups of 16 in a different manner
that accounts for the fact that the boundary state links left-movers and right-movers.
The boundary state is annihilated by the combination of supercharges given in (16),
Q+ a | B〉 = Q+ a˙ | B〉 = 0, (105)
which are the unbroken supersymmetries while Q−b, Q−b˙ define the broken supersymme-
tries. The parameters of the corresponding transformations will be denoted ηa± = η
a± η˜a
and ǫa˙± = ǫ
a˙ ± ǫ˜a˙.
The algebra of the broken and unbroken supercharges is given by the following com-
mutation relations
{Q+a, Q−b} = 2δabp+ {Q+a, Q−b˙} = γ
I
ab˙√
2
(pI +M IJ p˜J)
{Q−a˙, Q−b˙} = δa˙b˙(P− + P˜−) = δa˙b˙P−cl , (106)
with all other anticommutators vanishing.
The open-string light-cone vertex operators are defined only in the case that the
momentum carried by the emitted state satisfies k+ = 0 (our conventions will follow those
of [40]). In this case the physical state condition ζ ·k (where ζµ is the physical open-string
vector potential) can be satisfied by choosing special transverse polarizations satisfying
ζIkI = 0, and ζ− = ζIkI/k+ can be arbitrary. Similarly, the physical state condition
on the ground-state open-string spinor field (which has SO(8) components ua, ua˙) is
ua = −2kIγIaa˙ua˙/k+ which can be satisfied with finite ua by choosing the γIaa˙kIua˙ = 0.
In order to avoid awkward singular expressions in the supersymmetry transformations
it is convenient to take ua˙ to be proportional to k+ and define va˙ = ua˙/k+, which remains
finite as k+ → 0. The relation between the two SO(8) components of the ground-state
fermion becomes ua = −kIγIaa˙va˙. The independent wave functions are then taken to be
ζI and va˙.
Supersymmetry transformations on the SO(8) components of the massless open-
string fields take the form,
ζ˜I = ηaγIaa˙u
a˙ ∼ 0, ˜˜ζ
I
=
√
1
2
ǫa˙γIaa˙u
a +
√
2
k+
ǫa˙ua˙kI = kIǫa˙γIJ
a˙b˙
vb˙,
v˜a˙ = ηaγIaa˙ζ
I , ˜˜v
a˙
=
1
k+
√
1
2
(
ǫa˙γIJ
a˙b˙
kIζJ + ǫa˙ζIkI
)
(107)
(the apparent singularity in the last term does not contribute to the expressions for the
on-shell vertex operators).
The massless bosonic open-string vertex operator is given by
VB(ζ, k) = (ζ
IBI − ζ−)eikX , (108)
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where
BI = ∂XI − 1
2
Sa(z)γIJab S
b(z)kJ . (109)
The massless fermion vertex operator is given
VF (u, k) = (u
aF a + ua˙F a˙)eikX , (110)
where,
F a = Sa(z), F a˙ = γIaa˙S
a(z)∂XI +
1
6
: γIaa˙S
a(z)Sb(z)γIJbc S
c(z) : kJ . (111)
The 32 components of the supersymmetry act on the vertex operators in the following
way,
δηVB = [η
aQa, VB(ζ)] = VF (u˜)
δηVF = [η
aQa, VF (u)] = VB(ζ˜)
δǫVB = [ǫ
a˙Qa˙, VB(ζ)] = VF (˜˜u) + ǫ
a˙∂zW
a˙
B(ζ, k, z)
δǫVF = [ǫ
a˙Qa˙, VF (u)] = VB(
˜˜ζ) + ǫa˙∂zW
a˙
F (u, k, z) (112)
The total derivatives W a˙F ,W
a˙
B can give rise to contact terms, which affect the dis-
cussion of supersymmetry of the bulk fields but will not enter to the discussion of the
open-string sector in this paper. They are given by [40],
W a˙B =
√
2γIaa˙ζ
ISaeikX
W a˙F =
√
2va˙eikX +
√
2
8
(γIJu)a˙SbγIJbc S
ceikX . (113)
The open-string amplitudes can now be calculated in the cylinder frame where the
width of the cylinder in σ is π. The cylinder is chosen to be semi-infinite with the
boundary at τ = −∞ representing a physical closed-string state 〈Φ| that carries the non-
zero momentum p+. The open-string vertex operators are attached to the boundary at
τ = 0, and the boundary conditions may be used to express them entirely in terms of
left-moving operators. These chiral vertices, which are integrated in σ along are displaced
infinitesimally away from the boundary at τ = 0 with an arbitrary time ordering. All
permutations of this ordering are then summed with equal weight [41]. The amplitude
with n bosonic open-string ground states has the form,
An(Ψ | ζ1, · · · , ζn) =
∫
dσ1..dσn〈Ψ | VB(ζ1, k1, z1) · · ·VB(ζn, kn, zn) | B〉. (114)
A supersymmetry transformation of this amplitude is obtained by substituting a
transformed wavefunction ζ˜1 or
˜˜
ζ1into An. Using (112) the transformed vertex operator
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can be written as a commutator of a supersymmetry generator and a fermionic vertex
operator. Thus, for the linearly realized components of the conserved supersymmetry the
vertex,
VB(ζ˜) = η
a
+Q
+aVF (u)− VF (u)ηa+Q+a, (115)
can be inserted into (114) and the Q+ in the first term acts to the left on the closed
string state Ψ giving a transformed state, δη±Ψ. The Q
+ in the second term is moved to
the right and gives transformed open string vertex operators until it hits the boundary
where it is annihilated by the boundary state. Thus the conserved supersymmetry relates
S-matrix elements with n + 1 bosonic states (including the one (bosonic) closed-string
end-state) to elements with n− 1 bosonic and 2 fermionic states,
An(Ψ | ζ˜1, ζ2, · · · , ζn) = An(δη+Ψ | u1, ζ2, · · · , ζn) + An(Ψ | u1, u˜2, ζ3 · · · , ζn)
+ · · ·+ An(Ψ | u1, ζ2, · · · , ζn−1, u˜n).
This corresponds to the linearly realized supersymmetry which is not broken by the bound-
ary state. A similar analysis applies to the non-linearly realized conserved supercharge,
Q+a˙ with ζ˜ and u˜ replaced by
˜˜
ζ and ˜˜u.
The supercharge Q−a is not annihilated by the boundary so that similar manipu-
lations for these supercharges leave a residual term. This is proportional to ηa−Q
−a|B〉,
which has the form of the fermion emission vertex (110) acting on the boundary, in which
the supersymmetry parameter ηa− is the wave function. Therefore, the amplitude with
n + 1 bosonic states is related by the Q− supersymmetry to a sum of terms with n − 1
bosons and two fermions, together with an extra term which has an extra zero-momentum
fermion insertion – it has a total of n bosons and two fermions,
An(Ψ|ζ˜1, ζ2, · · · , ζn) = An(δη−Ψ|u1, ζ2, · · · , ζn) + An(Ψ|u1, u˜2, ζ3 · · · , ζn)
+ · · ·+ An(Ψ|u1, ζ2, · · · , ζn−1, u˜n) + An+1(Ψ | u1, ζ2, · · · , ζn, η−) (116)
This is the S-matrix statement of the nonlinear realization of the spontaneously broken
Q− supersymmetry [41].
The corresponding analysis with the non-linearly realized supercharge Q−a˙ leads
to the same relationship between amplitudes but with ζ˜ and u˜ replaced with ˜˜ζ and ˜˜u.
Higher-order terms give rise to S-matrix elements with arbitrary numbers of soft fermions.
Note that (17) and (33) implies Q−a = θˆa, hence the nonlinearly realized supersym-
metry charge Q−a acts as the modified Grassmann parameter θˆa on the boundary state
| B,+〉 which is the bottom component of a superfield expanded in θˆa. The vertex oper-
ator for the emission of zero momentum Goldstinos is given by η− aθa | B0, θ,+〉, which
indicates that the nonlinearly realized supersymmetry acts as a shift on the Goldstino
field.
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One important subtlety in this analysis is that contact terms have to be carefully
accounted for. These arise from the derivative terms in the algebra (112) but in the open-
string amplitudes considered here they integrate to zero. However, they are an important
feature of more general amplitudes with closed-string vertex operators.
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